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PREFACE. 

^ The basis of this paper is an ^'Extrait d'une ieitre de M. 

Gomes Teixeira ci M, Hermitey' published in the Bulletin des 
Sciences Mathematiques for Sept. 1890. He showed how, by 
the employment of Cauchy's theorem, we can get an analyt- 
ical representation of a function in the form of a series going 
according to ascending powers of the sine. I have given his 
method in §§3-5, and my treatment of the question of Con- 
vergence is essentially the same as his, although the details 
have been somewhat simplified. 

By reducing to another form the function whose residue gives 
the representation sought, I have been able to deduce the law 
of the series ; but the forms which presented themselves in this 
process suggested another and much simpler form of function 
to start with, and by this I have obtained a general form of 
development in powers of any holomorphic function and one 
or two interesting theorems concerning these functions. These 
general formulae have been applied to get developments in 
powers of the tangent and of the sn, and I have given some of 
the different forms which these developments may take and 
some examples of their application. Finally, the formulae 
which give developments in powers of the sine and of the sn 
have been employed to obtain these developments for sn(wjr), 
en {mx')y and dn {inx\ In this application I have made use of 
the method of " ternary paths " due to M. Desir^ Andr6 and 
employed by him in calculating the developments of sn^^c, oxf x^ 
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and Avfx by Maclaurin's formula* {Annales de L'Ecole Nor- 
male Supirieure^ 2 Sdrie^ T. 6). 

Dr. Craig first called my attention to the communication of 
M. Teixeira and suggested to me the investigation which has 
led to these results, and I have had the benefit of his advice in 
all of this work. 



Baltimore, May i, 1891. 



* The use of the function ^{x) to represent the three elliptic functions 
and the method of treating the en [mx) given in §36 were also suggested 
by Andre's paper. 
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INTRODUCTION. 

I. The possibility of the analytical representation of a func- 
tion by means of a series, and the limits of convergence of such 
series, have been among the most difficult and important ques- 
tions of analysis. And such representations are continually 
called for in the applications of mathematics, particularly to 
physical and astronomical problems. It was the question of a 
vibrating chord that gave rise to a form of development sought 
for by D*Alembert, Euler, Bernoulli, and Lagrange, but com- 
pletely established first by Fourier in 1807.* There are many 
kinds of development more or less useful and interesting, but 
the difficulty of determining the limits of convergence and of 
applying a given form to a given case is often well-nigh insu- 
perable. Many forms that have been given to the remainders, 
for example, of Taylor's and Maclaurin's formulae are difficult 
to test. It is only with the modern notion of the curvilinear 
integral and Cauchy*s beautiful theorems that we have been 
able to arrive at a method of testing this matter which is easy 
and of wide application. Hermitet has shown how by means 
of the curvilinear integral we may obtain both of these formulae 
and at the same time simple criteria of their availability, and 
that, too, for the complex variable as well as the real variable. 
Finally, having these formulae and the notion of residue, we 
are able, by virtue of Cauchy's theorem, to obtain a great 
number of developments. This method has not been employed 
directly to obtain Fourier's series, but Dini, in his work already 

* Ulisse Dini : Serie di Fourier e Altre Representationi Analitiche delle 
Funsione di Una Variabile Reale. Parte Prima j §2. 
t Cour de M, Hermite^ Quatrihme edition, 9* Legon, 
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cited, in which he takes up the investigation of more general 
forms of representation that include Fourier's series as a special 
case, has made frequent use of this theorem, although applying 
his results only to the case of real variables. 

In Dini's applications of Cauchy's theorem, and in many 
others that have given rise to various forms of development, 
particularly in the theory of the Elliptic Functions, the different 
terms of a series are obtained from the different points which 
are poles within the area of the contour of integration of some 
function suitably formed. 

For example, for the function f{x) given arbitrarily from o 
to 2 A' he finds the following representation (p. 283) : 






0(a) 



where X^X^ .... -^„ ... . are the roots of H' (z) = o which are 
found on the axis of j/ and X^ the root A^of the same equation ; 
S{2)y ff^z), the well-known Jacobian functions and 



-My 



sn' z dz. 



2. In his application of Cauchy's theorem, Hertnite considers 

the integral 

- f(zXx-aY , 
,(^ - xXz - ay ^^' 

and shows that it leads to Taylor's formula. He also makes 

use of the integra 

f{z)F(x)dz 



\. 






\.(z-^x)Fizy 
where F{z) = (-? - ay{z -by (^ - l)\ 

a, ^, . . . . , ii being positive integers, and obtains from this the 
solution of a problem of interpolation. Teixeira's suggestion 
consists essentially in the substitution of the sine for the simple 
binomial, and similar series could be obtained by the use of 
Other functions that have a suitable addition theorem. But a 
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simpler form, more analogous to that employed in obtaining 
Taylor's series, will give much more general results that include 
these. • 

We may add that M. Teixeira applies the same method to 
the integral 



1 



f{z) sin (x — a) sin (jtr — ff) . . . . sin (^ — A) 



, sin {z — x) sin (^ •— a) sin (£r — ^) . . . • sin (js — A) 



dZy 



and establishes conditions similar to those found for the sine 
series, for the convergence of the following formula due to 
Hermite : 

^. . _ sin (x — /?) sin (x — r) sin (x — X) 

-^ ^^ "■ sin (a _ ^) sin (a - r) sin (a - Xy ^^^ 

sin Qx •— g) sin (jT — ^) . . . . sin (^x — A) y 
■^ sin (/5 - a) sin (/5 - ^) sin (^ - xy ^^^ 

sin (x — a) sin (;c — /?).«. . sin (^x — X) ^ . 



sin (/' — a) sin (^ — /5) sin {y — Xy 



+ 



J J J 






PART I. 

General Developments. 

Developments in Powers of sin {x —■ a) obtained by means 

of a Curvilinear Integral, 

3. Teixeira considers the curvilinear integral 

/(-s-) sin*" (^ — a)d2 



H 



sin {z — x) sin" (z — a)^ 

taking for contour of integration the rectangle whose centre is 
the point which has for affix a, and whose sides are two right 
lines parallel to the axis of abscissae equal in length to tt, and 
two right lines parallel to the axis of ordinates equal in length 
to 2/; and he assumes thaty"(-s') is holomorphic in the area 
limited by this contour, and that x is the affix of a point in the 
interior of this contour. 

Then the theorem of Cauchy gives an expression for this 
integral in the form 

A and\5 being the residues of the function 

prjA = /(^g) sin"* (jx - a) 
^ ^ sin (z — x) sin"* (2 — a) 

with respect to x and a, which are roots of 

sin {z ■— x')=^o 
and sin (<2r — a) = o , 

in the interior of the area considered. 
4. The residue of F{z') with respect to x is the coefficient 

of -T- in the development of 

F(^ 4. A^ - /(•^ + >^)sin"(:r~a) 
^ ^-^ ^ ^ ~ sin ^ sin- {x - a -[■ h) 



*« • fc * *" 
- ^ • *« • • 



GENERAL DEVELOPMENTS. 



II 



in a series arranged according to ascending powers of hy and 

therefore we have 

A =fix). 

The residue B oi F{z) with respect to a is the coefficient of 

-J- in the development of 

pr^ , ^._ /(a+>^)sin-(^-a) 
^^^ ^ ^^ "" sin(a - ;r + K) €m^ h 

in a series arranged according to ascending powers of h. 
He shows that by developing the three functions 

I h!^ 

^^^^^^^ ^vci{a-x^K)' sm^ 

and multiplying the product of their developments by 

sin"* {x — a) 

B is obtained in a form which enables us to deduce from our 
•expression for J the following formulae : 

/ix-)= I K^ + ,sixi'' + \x-a) 

i»n — 1 

+ COS (jr — a) I L^ sm^ (^x — a) 

n = o 



^ 



_i_ r /(^) sin*" {x — a) dz 
2T:i ], sin {z — x) sin"* (^z — a) ' 



when m is even ; and 

t («i — 1) 
/(;r)= 2' A^^'- sin*" (-^ - «) 

« = O 1 

i (m — 8) 

+ cos(;r--a) 1 L'in+isin^'^^ (x — a) 



n=Q 



+ 



I f /(^) sin"* (;tr — a) dz 
2ra]s sin (^ — ;ir) sin"* (^ — a) * 



when w is odd. 

5. Finally, the coefficients /l and L as well as the fact that 
they are independent of m, may be obtained by putting x = a 
in the above formulae and their successive derivatives with 
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respect to x. This gives for the coefficients of the first formula, 

K, =/' (a). 



and for the second, 






i [/'" («) + 4/' («)]. 



7*^^ Question of Convergence, 

6. The above formulae give two developments oi f{x) in 
series of ascending powers of sin {x — a) if the integral 

/— f / ('g) sin"* (^ — a) dz 
]t sin (2: — x) sin™ (2—0)* 

tends towards zero when w tends towards infinity. But we 

have 

,__^ /(C) sin*" (;t; - a) 
•^ "" 27r * sin (C — x) sin"* (C — a) * 

where C represents the affix of a point of the contour of inte- 
gration, <r the perimeter of this contour, and a factor whose 
modulus is less than unity. Then if we have 

I sin (^ ^ a) I < I sin {2 — a)\ 

on all points of the contour of integration, the integral /tends 
towards zero when m tends towards infinity, and the series are 
convergent. 

7. If we put 

z ^ a = S + irj, 

and represent by M the modulus of sin (^ — a), we have 

AP = sin (e + iy)) sin (f - ir}) 

= — ^ cos 2? 4- ^ cos 217) 
= — cos''? + COS^trj. 
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Now let US seek the smallest value which M^ can take when 
z describes the rectangle which constitutes this contour, that is, 
the contour given by the lines 

^ = ± — , parallel to the axis of^, 

and 1? = ± /, " *' " X. 

For both of the first two, M^ reduces to 

and its minimum value is i corresponding to iy = o, that is, to 
the middle points of these sides. 

The second pair of sides also both give the same value to 
M^ ; namely, 

i^ = sin''^ + (^sinf/)% 

and its minimum value is 

(i sin iiy = I 

which corresponds to ^ = o, that is, to the middle points of 
these sides. It results that the minimum value which M^ takes 
when 2 describes the contour of integration is the smaller of 
the quantities 

But ^ - ^-' 



2 

and ^ — e^^ 



> I if />log(i + V2), 
< I if /<logCi + Vs). 



2 

Thus we have the following theorem : 

If l> log (i + V 2), the integral J tends towards zero when 
m tends towards infinity^ if x satisfies the condition 

|sin(;r — <i)\ < i. 

If I < log(i 4- V 2), the integral f tends towards zero when 
tn tends towards infinity^ if x satisfies the condition 

^ ^-i 

|sin(jr — a)| < — - — . 



A-. 
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In these two cases we can develop/ {x) in a convergent series 
by means of the formulae 

f {x) = I'ATi^^. 1 sin*" "^ ^ (:r — a) -f cos (^x — a) IXj^ sin*"(;r- a) ; 



fix') = IKL sin*- (^x-a)-^ cos (^x ~ a) -f Z.i, + 1 sin""+ ' C^-a% 



7"^^ Nature of the Series and the Form of the Coefficients^ 

8. We have two representations for / (jr) which have the 
same area of convergence and therefore must be identicaL 
Moreover, each consists of two parts, one involving only evea 
powers and the other only odd powers oi x — a. These parts, 
then, must be separately equal, and if we write 

A = 2'A^„+i sin*"+^ {x — a) = A^ say 



= cos(;i; — a) zLin + isin^'^^i^x— a) = A^j 

o 

and B = Sk^ sin*» (^ - a) = B^ 

o 

= cos {x — a) zL^n sin*" (x — a) = ^2 , 

o 

then f(^x) = A-^B, 

which may take any one of the four forms, 

^i+^a, ^2+^1, A^ + Bu A^ + B^. 
The last two give 

/ (^x) = SJCi sin" (x — a") 

o 

and /(^) = cos (x — a) l'L„ sin" (x — a). 

o 

The former of these two has the advantage of being the 
simplest of all the four forms; the latter is in integrable form, 
and, being a uniformly convergent series, can be integrated at 
once. We can verify that Ai and A^ are identical, also B^ 
and B2, by developing 

cos (;r — a) = [i — sin*(;i; — a)]* 
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by the binomial formula and performing the multiplications 
indicated, when A^ and B^ will reduce at once to A^ and B^^ 

The values of -^ and B themselves may be obtained by com- 
bining/ (;r) and y (2a — x)\ in fact 

2A =/{x) -/(2a - x), 
2B=f{x) -h/(2a-:r). 

A and B are both uniformly convergent, their remainders after 
m terms being the sum or difference of two integrals that 
diminish indefinitely as m tends towards infinity. 

9. Instead of obtaining the coefficients K and L by the 
method indicated in §5, we may proceed in the following 
manner : 

The factor -: — 7 r which occurs in the function FCz) 

sm {2 — X) ^ 

(§3)» may be separated into four parts ; namely, writing 

5, c, /, (f for sin {x — a), cos (^ — a), sin (^z — a), cos (^z — a), 

we have 

^ 5 

I __ I __ s'c + sif I 

sin (^z — x) ~~ s^ c — sif ~~ s'^ — 5^ 

_ c c d d 

~ 2(^s! — S) 2(J -^ S) 2(J — S) 2 (J + S) ' 

Now each of the four integrals 

f f{z) csTdz [ /{z)cs'^dz f f(^z) d^dz f f{z) df'dz 

].{d-i)d^' ].{d'^s)d^' J.(/-^)^"*' J. (/ + ^)^"'* 

taken over the same contour of integration as the integral con- 
sidered in §3, becomes infinitely small when m increases beyond 
all limit, if we have 

I sin (;i; — a) I < I sin {z — a)\ 

on all points of the contour of integration. 
But we have the identities 

s"^ _ I s ^"*~ ^ I 

(^_/)/---?- + 7r+ + -7^+ 7=77 

and 

(s^d)d^'^ d d-"^ "^ y- s^d' 



] 
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Within the contour of integration ——3 becomes infinite 

for -? = ^ and its residue is ; — ; — ; becomes infinite for 

c s -^^ s 

2= 2a — Xy and its residue is — . All the remaining terms 
become infinite only for 2 = a. Therefore we have 

o 

/(2a -x) = cS (- i)"Z.f = B,- A„ 

O 

f{x)= Iks' =B, + Au 

o 

/(2a-x)= 2(- ifKj" = B,-A,; 

O 

and we see readily that A^ = A 2 and Bi = B^. 
Here 



and 



/ _ I f /{z')d2 

»■" 27r/J.sin"+^(^-aJ' 

i^ _ J_ [ f{2) cos {2 — a) dz _ D T 
^"■"27:/]. sin-+H^-^) "" n ^"-^ 



where D stands for -j- . [Thoughout this paper we shall 

use D to denote differentiation with respect to a.] 
If we differentiate A^-i with respect to a, we shall get 

D^ J __ \_^ [ f{z)\_^\T^ (2 — a) + n cos^ (2 — a)] dz 
n—i '"~^~~ 27tt], sin'*'^^ (2 — a) 

= — (« — i) A_2 + n Ln, 

Now evidently 

L,=f(^a\ L,=f{a\ K.^f^a)-; 
hence in general 

L, = ^[Z?» + (« - i)'][Z?' + (« - 3)'] 
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the last factors being 

(Z?* -h i^)f(ji) when n is even, 
and (Z>^+20Z>/(a)" " odd; 

a; = -V [D' + (n-2y][D' •\-{n- 4)'] • • • • , 

the last factors being 

(Z>* + 2') £Pf{a) when n is even, 
and (Z>^ + i') Df(^d) " " odd. 

A involves only odd powers of sin (^x — a) and odd derivatives 
ofy*(a), and B only even powers of s\n(^x — a) and even 
derivatives oi/(ji). 

Applications. 

10. M. Teixeira has taken for examples sin kx and cos kx^ 
and by employing the formulae given in §5, deduced the fol- 
lowing well-known developments : 

sm ^;ir = ^ sm :r ^^ — i sm" x 



3' 



s ' 



sin kx = cos x\ ^ sin ;r ^^ j — - sin* ;r + . . . . , 

k^ k^(k^ — 2*) 

cos kx=- 1 sin* X H ^^ — j sin* ;«; — ...., 

2 4! 



cos i^:r = cos x\ \ — sin'^ x 



+ <'^-'')f-3'>si„-, -....]. 

In fact the even derivatives of sin x and the odd derivatives of 
cos X vanish with ;r, while the derivatives which do not vanish 
become simply the corresponding powers of k with alternating 
signs ; hence we have only to replace Z? by ^ in the formulae 
given in §9 and properly determine the signs, and we get 
these developments at once. 
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Similarly with exponentials, we have but to replace D hy k 
in all the formulae for L^ and A^ and we get 

where A may take either of the forms 
^, = ^ sin ;ir H ^^ j sin' x 

Ai = cos X \ ^ sm jf H ^^ j sm' x ■{-,.. . ; 

and B either of these two, 

-^1 = I H sin^;c H ^ j s\n* x +...., 

2 4 • 

B2 = COS ;c I H sm^ x 

, (k' + i')(k' + 3O . 4 . 1 

_l_ V r — ^v — i_o^ sm*jr +..... 

Notice that A^ and B^ may be obtained from Bi and Ai by 
differentiation, and so also may the second formulae for sin kx 
and cos kx be obtained from the first formulae for cos kx and 
sin kx. 

These series are all convergent as long as 

|sin;i;| < I 

and the real part of x lies between and H . k may 

be anything whatever. 

II. Let us consider the function /* (;f) = x; then since /(x) 
vanishes with x and all the derivatives are zero except the first, 
which is unity, we get at once the two developments Ai and A2 , 
namely, 

or = sin ;r H r- sin^ x + '^ sin* ^ + . . . . , 

3J 5J 



X = cos X 



2* 2^4'' . ~| 

sin X H j- sin^ x H '-j- sin* ;«;+.... . 

_ 3 • 5 • J 



J 



x^ 
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In the same way we may obtain the following : 
= 2 cos X — sm" X H i — sm* x 

L 2 4! 

• • • • I • 



^I-.3- + I-;5- + 3^5%i,e^^ 



6! 



X' = 2 



— sin' X H r sin* x -\ — i$- sin' :r + . . . . . 

__ 2 4! 6! J 



If we puty'(;r) = const., we shall find that constant a factor 
in our development, and removing it, we get the identity 

I = cos ^ I H sin^jr H — '-j- sin* x -\- , , . . , 

which agrees with the result of developing 

= (i — sin'^^r)"* 

cos X ^ 

by the binomial formula. 

All these formulae hold as long as 

I sin ;r I < I 

mm tmm 

and the real part of x lies between ^ and H . 

^ 22 

Developments in Powers of cos (x — a). 

12. Put a = d -^ , then 

sin (x — a) = — cos (^x — d), 
cos (x — a) = sin {x — &), 

and we can substitute these expressions and get series going 
according to the powers of cos (^x — ^), with the same areas of 
convergence as the above. Or we may move the areas of con- 

vergence to the right a distance equal to — and write • 
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A,= - 2K^+r COS-+' {x - a), 

O 



A^ = — *sin (x — a) SlL^+i cos^'^^(x — a), 

o 

By = iA;. COS** (X - a), 

o 

i?2 = sin (x — a) 1L^ cos'" (;tr — a), 

o 

where /.„ and A^ have the same form as in §9 except that 

/[ a H j is to be substituted for/(a). 

In particular for sin kx and cos kx, 

/4i = — k cos :r ^^ i — - cos* X 

L 3I 



+ _v ^v, ^^ cos'^ — . . . . 

5I 



-^2 = — sm ;r ^ cos x ^ j cos' ^ + . . . . , 

B^:^ 1 cos" X H ^^ i COS* X — . . . . , 

2 3! 

^2 = sin ;i; I cos" x 



and 



= sin ;i; I — 



+ 4! 

sm ^;i; = cos — . yJ + sm . B, 

2 2 

cos ^AT = — sm . A 4- cos . B ; 

2 2 

where we may take either expression of A with either expres- 
sion of By and where k may be anything whatever. These 
formulae h61d as long as 

cos x\<i\ 



and the real part of ;i: lies between o and tt. 

We might give other applications like those in §11. 
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More General Formulae, 

1 3. We can get our results in another way without the use 
of an addition theorem, and the method being applicable to a 
much larger number of functions, we will take a more general 
point of view. 

Consider the integral 

where we assume that within the contour of integration f{z) 

and (p (jsf) are holomorphic, <p {2) vanishes for z = a, and the 

equation ^(2) = <p (^x) has the one root jz = x. The value of 

fix) 
this integral will evidently be fF) * ®"* ^^^ *^^ identity 



<p(z) — 9{^) 9 (2) 9" (^) 






sp" (^z) \s> iz) — y {xy\ <p^ (^) 

we get the development 



where 



and 



fix) = ^p^x) \^£j^r{x) + ie„] , 

/ __ JLf fiz)dz 



Oy ff and C having the same significance as in §6. 

Now if I S^' C-^) I < I y ('8') I 

for all points on the contour of integration, this remainder van- 
ishes when m becomes infinite. 

14. Instead of <p (js) we might have taken the form ip(^z— a) 
suggesting the foot a. We should have obtained the formula 

fix) = 9'(.x- a) IU<p^ (x - a) 
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where 



2m ].<P''^\z'-a)' 



We might also have started with the integral 

{z — a)dz 



►71/ ],<p(2 — a)- 



2ni J, <p (2 — a) — <f(x — a) 
under the same conditions, and obtained the series 

o 

where 

"""2-/ J, ^-^^(^z-d) - n ^"-'' 

Evidently also, if we suppose a is a simple root of ^ (-& — a) 
and the only root within the contour, 

and , _ f'(a)<p'{o)-.fia)'P"(o) 

If we differentiate A^_i with respect to a we shall get 

Now if <p satisfies the relation 

^/2 _ ^^^^ 2^ polynomial in ^, 

and .". 2f " = ^' (^), also a polynomial in ^, 

this formula will give us a relation among the coefficients of the 
development by which they can be all obtained from the first 
one, two or more of them. This applies not only to the sine, 
tangent and sn, but also to the hyperelliptic functions. It is 
not necessary to use this in the case of the tangent, for in the 
expression of A^ the value of ^' may be written at once and we 
shall get a relation connecting three successive coefficients of 
the tangent development. 
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Instead of <p(^z) — <p (x") in the denominator of the expres- 
sion with which we started, we might have taken any other 
form with two terms which has a root given in terms of x and 
existing within the contour of integration. For instance, if we 
use the form <p(^2 — a) and make the contour symmetrical about 
the point a, we may take for our denominator a function which 
has 2a — X for a root. In case <p{2 — a) is an odd function, 

this will be 

if {2 — a) + <p{x — a) 

and will give us developments for f(2a — x') exactly as we 
have obtained them in the case of the sine. Of course these 
developments will differ from the corresponding series for 
/(^x) only in the signs of the alternate terms, and we can show 
that all of our series can be separated into two parts, each of 
which is uniformly convergent, and which may be combined 
in four different ways precisely as in §8. 

Developments in Powers of tan (x — a). 

15. We will consider the case where our <p is the function 
tan (2 — a) and put 

Take for contour of integration the rectangle formed by the 
lines 

^ = ± — ^ parallel to the axis ofjy, 

and yj = ± / '* " '' x. 

The modulus -^ of tan (2 — a) will be given by 

Af" = tan (^ + tr)) tan (^ — /)?) 
tan'* ^ — tan'' ir^ 



I — tan'' c tan'' ir^ 



For ^ = ± -^ this reduces to 
4 

I — tan" 17} 

:rr I 

I — tan" 17} ' 

which is independent of the value of t}. 
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For iy = ± /, AP reduces to 



tan" ^ + 



y + ^-' 



<?" + ^" " — 2 COS 2^ 



^« + ^»^ + 2 COS 2^ ' 

which is a minimum when ^ = o, since for $ between — 
and H cos 2$ is always positive. M^ then reduces to 






.)•. 



.^ + e 

which is always less than i. 

Therefore our results hold if x satisfies the condition 

tan(;r — a) < ^ ^ ^_, , 
and we may write 

f(x) = I'A; tan" (x — a), 

o 

a;iflf f(x) = sec" (j; — a) ULn tan" (;i: — a). 

o 

Now 

T^ ^ D^ J _ I f /(^) [i + tan' (^ — g)] flfg 
A„- ^ /.„ ^"2-z J. tan»+^(-?-a) 

i e Z — — L -- Z 

and, changing « into « — i and operating with — , we get 

Also Zo = A^ =f{p^i 

L,=K,=f'{a). 
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We could put these expressions for L^ and K^ in another 
form with only even suffixes or odd suffixes in any one formula. 
For we have 



and 



n ""'^"^ n(n— i) ""' n 

__ D^ — {n — \) {n — 2) , n — 2 ^ 

~ «(« — i) ^— • ~^^ ^— *' 

, _ D^ — 2(n— if J. __ n — 2 J 
•*• ^« - ;^(7^-I) ^-' , 2 ^— *» 

„ _ D'^2{n—2f j^ _{n — 3X^ — 4) E^ 

Each of the tangent series, like the sine series, can be sep- 
arated into two parts, one involving only odd powers of 
tan(;i; — a) and odd derivatives of /(a), and the other only 
even powers of tan (x — a) and even derivatives of y*(a), and 
these may be combined in four different ways. 

Applying these formulae to sin kx and cos kx, we have the 
following known forms : 

sin kx = k tan x ^^ — r — tan* x 



3' 



^ ^(^*— 20^+ 24) ^ , 

H ^^ — j ^ tan* ;f — . . . . , 

5 • 



sm kx = sec' x k tan x ^^ — j — - tan' jp + . . . . > 

cos kx= 1 tan'* x + — ^^ — i — ~ tan* x — ..... 

2 4! * 

cos kx = sec'* x\ I tan* x 



•♦ ^"^ . • . • I ) 



+ ^-^f + ^4 tan- 

4! 



which hold for any value whatever of k as long as the real part 

of ^ lies between and H . 

4 4 

16. One advantage of a series in powers of tan (;i: — a) is 

that it can be reduced at once to a similar series multiplied by 

sec'* (x — a) and so to integrable form. 
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Thus if we have a series of the form 

Ao + Ax tan x -^ A^ tan'^ +...., 

and divide by i + tan'jr, we get without difficulty the equiva- 
lent form 

sec' X [^o 4- Bx tan x -^ B^ tan* ;i: +....] , 

where the ^'s are given by the relation 

B^^ A^ — -^«-2, 
with Boi= Ao, Bi = Ai. 

Of course it would* be necessary after integration to consider 
the limits of convergence, but, in general, series obtained by 
integration are more rapidly convergent than those from which 
they were obtained. 

Suppose we integrate the series 

/(^x) = sec' {x — «)[Zo 4- A tan (;«; — a) -h L^ tan' (^ — a) + . . .] . 
We obtain the indefinite integral 



f 



/(x) dx= C + Lo tan (or — a) + i Li tan' (x — a) + . . . . 

= sec' (x — d)\_Mo + Ml tan (x — a) 

+ M^ tan' (;ir — a) + . . . .] , 
where 

M^= — L^-i — -^-2. 
Therefore 

or DM^ - Z^« = - (/?i^„-2 - L,-.^ 

= = ± (Z>if/i — A), 

or = ±{DMo— Lo). 

Now Mo-= C and C is the value which the indefinite integral 

fipc) dx takes when we put in it ;r = a, 

.-. DMo = DC z^fiaf^ To. 



I 



*If we integrate from some other limit than a^ say the integral is 
\f{x) dx, then Czz /(^) </^, and we still have DC-zzfi^a), 
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Also M^=Lo =/(«) 

and .-. DM^z=.f{(i) = A. 

Therefore, for all values of «, 

DM^ = A. 

This is the same relation that held among^the L% and we can 
repeat the process and get 

[ [/(^) dx^ = sec* (^ — aX^o + AJ tan (jt — a) + ] . 

The first -A^'s are readily determined and in general 

ft 

This process may be repeated as long as the series remains 
convergent. 

On the other hand, if we wish to get an expression ior 

L/(-^) ^^i we may treat this integral as our function, since there 

is no coefficient in the development 

IK^ tan" ix — a) 

o 

except the first which does not involve the process of differen- 
tiation. The same is true of the more general form 

o 

given in §14. 
We notice that this formula agrees with the first given above 

for 1/ {x) dXy if we make 

nKn = L^-xy 

and in this form the relation connecting the ICs assumes the 
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same form as that connecting the Z's, M^^ and iV*s given 
above, namely, 

[wA-j = ^ [(« - 1) a;_ J - [(« - 2) a;..] • 

Developments in Powers of sn{x — a), 

17. Again, let our function q> be the function sn {z — a). 

Putting 

z — a^K^^- iK'ri, 

where ^ and 1? are always real, we will take for contour of inte- 
gration the parallelogram whose sides are 

the two lines ^ = ± i, 
and ** " " ^ = ± /, 

where / is positive and less than unity. 

When k is real and k^<i, the modulus of sn {z — a), say My 

is given by 

M"^ = sn (A'e 4- t/^Trj) sn ( A^f - tJ^r^) 

_ sn'' (A^O — sn^ (t/^'rj) 
"■ i — k' sn' (^K^) sn^ {iK'ri) ' 

This for the first two sides, $ = ± i, reduces to 

en' (jt/^'y)) _ I 

dn'^C^'AT'^) ^ dn\K'ri,]ey 

which varies, always increasing from i for 1? ;= o to -p- for 

ly = I. Therefore the smallest value of M along these two 
sides is i, which corresponds to their middle points. 

For the other pair of sides iy = ± /, and we may put our 
expression for M^ into the form 

"" I + k' sn^ (^^) . \i sn {iK'l'Sf ' 

STi^ K^ increases from o for ^ = o to i for ^ = i. Consider 
the expression 

y- 



I + kWx' * 
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where x and a are real and ^ varies from o to i. Its deriva- 
tive ^ __ 2.y(i— >&V) 

is positive when x is positive and ^* < "t- > and in that case the 

minimum value oi y will be a^ corresponding to ;r = o. 

We see then that M^ will never be less than i, the minimum 
already found on the first pair of sides, unless 

i. e. unless /<A> 



whence sn^K'k, >^) = i. 

or 



,_._!_ fv"« du __ Jo Vi— z^«.i~>fe^V 

' AT' Jo Vi-«'.i->^V p ^z^ 

Jo V I — «^ I — >^ V 

There/ore y when k is real and ^' < i, ^wr results will hold 

as long as 

\sTi(x — «)|<i when l>ky 

and I sn (;f — CL)\<i (i sn iK'iy when l<lxi 

if also the real part of x — a lies between — K and + K. 

In the most general case, when k is any complex quantity, it 
is impossible to fix any definite expression for the limit of con- 
vergence. We can only say that 

I sn (;r — d)\ 

must be less than the smallest value that 

can have either when f varies from o to i, and r^ takes some 
arbitrary value / between o and i, or when ^ = i and iy varies 
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from o to / ; and, further, x — a being written in the same 
form (viz. K^ + iK'Ti\ that the coefficient of K must lie 
between — i and + i. 

i8. Therefore, when the conditions just defined are satisfied, 
we may write 

/(xj = lA:sn-(jr-a) 

o 

and f(x) = CTi(jx — a) An{x — a)2X,sn"(x — a), 

o 

where v ^ ^ j 

and L^ is obtained from the formula 

« 

If(z)\n en* {z — «) dn* (^r — a) 
+ sn'(g— a)}dn'(g— tf)-hiPcn*(^r— a){]<fe 
« — X -."* • sn"^\^ — a) 

= «Z. — (« — iXi + it*) Z,._, + (If — 2) iPZ..4. • 

Therefore 

, __ Zy + (n - i)'(i + 1^) J (n-2)k' , 

^•~ «cii-i) ^.-«- „ ^-*- 

Then, changing n into « — i and operating with , we get 

_ Zy + (n~2y(i+^) jj. (n-3X«-4)^ it^ 

^- - «(«-i) ^-« n(if-i) ^-*- 

Also 

Zo=/(a), A =/'(«), A;=/(a), 

2 3. 

Results obtained from the General Formulae. 

19. We have given two formulae for the development of 
/"(jc) in powers of f (x — a), namely, 

/(x) = iA:9>-(^-«) 

o 

and /*(x) = / (x — a) -f Z,.^" (x — a),; 
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where i^ ^ ^ r 

and 7 __ ^ f f{^^^ 






Now 

■••^=^[^{(,-fcr>c«.«}L 

-^ «!z;! L<^/i' Uwi J»=o 

the summation extending over all positive integer solutions 
{including zero) of the equation 

^ «=^[^T(i)>(-*)}i.. 

««!z;! L^A" W (A) / J»=o 
with « + z/ = « — I. 

This last formula may be regarded as a transformation of 
Maclaurin's series. The formula is given by Schlomilch,* but 
he obtained it from the formulae for the differentiation of im- 
plicit functions and the change of the independent variable, by 
reductions which are pretty complicated. 

If z ^f{x) and y = 9 (x) , we can write an expression 

Suppose we put 

F= fix) --if (a) =^y — <p (a), 
we have 

*Vorlesungen ttber einzelne Theile der Hohern Analysis, p. 22. 
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But 

Hence, finally, changing x into ^ and a into ^, we may write 

"^ = L^^^^^ \^ (« - ^ c^)) '^' ^^^ Jf =• 

This formula and others given by Schlomilch are readily ob- 
tained from our general formulae.* 

By writingy(;ir) = jr we can use the series 

oo 

X = IK^fp* (x — a) 

o 

to get the inverse of f> (^ — a), say ^, by Maclaurin*s formula. 
(Thus the first development in §ii gives us sin~^ in powers 
of ^, if we make j>/ = sin;r.) In this case Ko = a and the 
inverse is 

where 



1 r ^-- / h yn 



This might be used in getting the inversion of integrals, if 
the tests for convergence can be applied. 

♦Another of these formulae given by Schlomilch may be written thus : 



dx* f=i J I dy* 

d^ 
where ^4,,, = limit when pz=.o oi-^ -{^{x + p)^ <^(x) }-•. This is 

employed in obtaining Forsyth's canonical form for linear differential 
equations (see Craig's Linear Differential Equations^ Vol. I, p. 464. 
It was from this that my attention was first called to the formulae of 
Schl5milch). By giving different values to n we get a series of equa- 
tions linear in the derivatives of z with respect to y^ and it is by their 
solution that SchKimilch obtained the relations expressed by the formula 
in the text. 
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20. Drop a for a moment and revert to the formula (§13), 

where ^« vanishes when m becomes infinitely large and 

/ _ JL f f^^^dz 
^*~ 2;r/J. ^"+^(^; • 

This can be obtained without supposing that ^ {z) has a root 
within the contour of integration. But if ^ {z) had no such 
root, all the/'s would be zero and/(:r) would vanish with R^, 
which is absurd, sincey(ji;) is entirely independent of the form 
of ip. Furthermore, the method by which this formula was 
obtained will apply equally well if ^ {z) has one or more poles 
within the contour, provided x is kept away from those points. 
Therefore we have the following theorem : 

If <p {z) is a function Uniform and having no singular essen- 
tial point within a given contour , and if there exists a point 
tvithin this contour for which the modulus of (p is less than for 
all points on the contour itself y then (p {z) possesses a root within 
the contour. 

Conversely, it is obvious that we can find a contour embra- 
cing a root of a uniform function such that for points sufficiently 
near this root the modulus of the function is less than for all 
points on the contour, since the roots of a uniform function are 
isolated. 

Hence any function which is holomorphic in the region of a 
point may be developed in a series going according to ascend- 
ing powers of any other holomorphic function which vanishes 
at that point. 



PART II. 
Developments of aa(mx), en {mx), dn (mx). 

The General Form of these Developments. 

21. Taking the point a at the origin, we have found the fol- 
lowing forms of development: 

o o 

Ai = cos xl'Li^ . 1 sin*" "•" * jr, Ca = en ;r dn xlZ^n + 1 sn** + ^ x, 

o o 

B^ = 1K^ sin** X, A = i' a;, sn- x, 

o o 

-ffj = cos xzL^^ sin*" :r ; Z?a = en ;r dn ^r zL^n sn*" ;r, 

o o 

and for x within a certain area of convergence we have 

f{x) = A + B 
and 

f{x)=C+D, 

where with each letter we may use either subscript i or 2. 

Since A and C involve only odd powers of x and in their 
coefficients only odd derivatives of /(o), while on the other 
hand B and D involve only even powers of x and in their 
coefficients only even derivatives ofy"(o), we know that in the 
developments of sn {mx) B and D will not present themselves, 
nor will A and Cin the developments of en {mx) and dn {mx). 
We shall have therefore sn {mx) equal to each of the four 
quantities 

and en {mx) and dn {mx) to each of the four, 

Bli B^y -Oi, Z^j. 
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22. We shall here slightly modify the notation in our ex- 
pressions for the coefficients and write 



Then 



where 

and 

also 



Z,.= ^,and A; = ^. 

M, = iD' + (n- lySI //._, 

+ (« - i)(« - 3)(« - 2)« TAf^^, , 



S= I and T= o for yi and B, 

S= I + >P and T= - >P for Cand Z>; 

Afo =/(o), ^ =/' (o). and No =/(o). 

23. In order that these results may hold it is necessary first 
that the function we are developing shall not become infinite 
inside of the contour of integration ; and second, that x shall 
satisfy the conditions of §7 or of §17. 

The first requirement will be met if 

/\m\ < I A^'l. 

When X I or the ratio -^J is real this is always possible whatever 

the value of m^ since we may take / as small as we please. If 

X ( or the ratio -^) is not real, we must have, writing mx in the 

form Km^ + iK'my)y the coefficient of iK' lie between — i and 
+ I. 
For A and B the conditions of §7 require that 

I sin;r I < I, 

or, if we must take / < log (i + V 2), that 

^ — e~^ 
I sin ;r I < — - — ; 

and further, that the real part of :r lie between and H . 

22 

For Cand D the conditions of §17 require, when k is real 
and ff <i, that 
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%nx\ < I, 
or, if we must take / < /i, k being defined as in that section, 

^'^^^ |sn^| < (J sn tic n\ 

and further, that the real part of ^ lie between — A' and 4- IC. 
In the general case, however, when k is any complex quan- 
tity, we can only say that we must have 

I sn X I < I sn 2r I 

on all points of the contour of integration, and that the coeffi- 
cient of Kj X being written in the form A? + /A^'iy, must lie 
between — i and + i. 

The Function ^(pc), 

24. We shall consider first the function <p (x) which satisfies 
the differential equation 

9'' or (^|J= m\P + Q<p' + R<p% 

and therefore 

iy^<p or sp" = m\Q<p-\- 2Rip'), 

and in our results replace P, Q and R, 

for svi{mx) by i , >— (i 4->^), ^y 

" cn(w^) " I-/^^ 2^-1 , -/^, 
" dn(wjr) '* >^ - I , 2 - /^* , - I. 

Since the odd and even derivatives are even and odd func- 
tions of <p of degree one higher than the order of differentiation, 



p = o 

n 



P = o 

i^«+i = <p' ^' (2/? + 1) i^2«+i. 2p-f 1 ?''^ 

p=o 

^2« = Sp""i'\2/> 4- l) i^2n-l, 2P + 1 ^''^ 
p = o 

+ S^'^"i\2/) 4- I) 2pM^^^, 2P + 1 /''-S 
p = i 

where in ^, ^' and ^" we make :r = o. 
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For sn (mx) <p (o) = o, ^' (o) = w ; 

for en {mx) 1 s^ (o) = i, <p* (o) = o, 

and dn (jnx') J ^" (o) = m\Q+ 2R) . 

Therefore, for sn (wx) , 

and for en (mx") and dn (wx), 



a 



■Mfm — ^ -"^^H, ap 4- 1 > 



p=o 

« — 1 



^*. = w'Ci? + 2^) 2 (2/> + I) yl/^_., v+.. 



p = o 



-^B. ap +1 and Afin+i, ap+i are polynomials in J^ and »^* of degree 
n in each and have integer eoefScients. 

Method of Calculating the APs. 

25. y" = m^{P+ Q<p^ + ^y*) , 

9" = m\Q<p + 2R<p'') . 
Now if 

then 

iyM.,, = <f"ipM,.^,<P*-^ + y'^i-^^C"- I)^._,,p?.''-' 
=«'2•y^/:_,,p{/>0-I)/>i.''-'+/>•i^,.'•+/>0+I)J^?+'} 

and 

+ [At'i^ + (« - i)'3'] ¥>' + />(/<>+ 1) w'^y'+'l 
= I\{p - i)0> - 2) m'RM. _,,,_, 

+ ip'm'Q + (n- O'^-] M,_,, , 

+ + 1)0 + 2')PM,^,,f + ,\ f". 

Even Indices. 

26. We may follow the method of M. Andr6 and form a 
table of the coefficients of the different powers of <p in the M^^, 
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Our table will be 

M^,r M,,^ i^,5, 

^^11 — 3, 1 ^9* — %, % ^f»—i, 6 • • • • ^U—i, *•— 1> 

^i», 1 ■^2i», S ^im, 6 • • • • •««3ii, In — 1 ^Sii, *• + !• 

Each term iWi,, jp+i of any horizontal line is formed from the 
nearest three terms of the line immediately above it, and from 
the term in the same column two rows above it, by the follow- 
ing operations : 

We multiply 

the term on the left by (2p — i) 2pm^R, 

" " directly above by (2/o 4- iym^Q^'(j2n-iyS, 

" " on the right by {2p 4- 2)(2/o 4- 3) m^P, 

•* " in the second row above by (2«— 1)(2«— 3)(2«— 2)* Z", 

and then we add the four products so obtained. 

27. We may construct a diagram representing by points the 
position of all the M's in the first « 4- i rows of the table. We 
will place at the top of each column the odd number which is 
the second suffix in that column, and over the spaces between 
the columns the even numbers which come between these odd 
numbers ; also, on the left against each row, the even number 
which is the first suffix in that row, and against the spaces 
between these rows the odd numbers which come between 
these even numbers. 

28. Consider, then, the ternary paths leading from i^, 2p+i 
to Mq^ 1 , such paths connecting n -\- 1 points by n short lines or 
traces, which are either vertical or inclined at an angle of 45® 
to the right or to the left. 

If we calculate that part of i^,, ap+i which is independent of 

T without making any reductions, it will consist of a series of 

terms, each term corresponding to one of these ternary paths 

and containing n factors corresponding to the n traces of that 

path. 
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Every oblique trace introduces as factors the number marked 
at the top of the column at which we arrive and the number 
marked over the space that we cross between the columns. 
It also introduces the factors m' and Rot P according as we 
go to the left or to the right. 



s 



In every ternary path there must be at least one oblique 
trace inclined to the left, crossing each space between the 
column containing i^,ip+i and the first column. These we 
will call essential oblique traces. Together they introduce the 
factor i2p)\ m^R^, which is therefore a common factor of all 
the terms of M.,ip+i. We will choose for this the lowest of 
the oblique traces that crosses a vertical space to the left of 

The remaining oblique traces are in pairs, the two lines of a 
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pair crossing the space between the same two columns in oppo- 
site directions, the lower one towards the right and the upper 
one towards the left. They introduce the factor m^PR multi- 
plied by the product of the two numbers at the top of these 
columns and the square of the number between. 

The factors introduced by the vertical traces are binomials 
of the form 

that is, the first term is m^Q multiplied by the square of the 
number at the top of the column, and the second is kS" multi- 
plied by the square of the number placed at the left against the 
space traversed. 

29. As for the 7", we notice that it takes up that portion of a 
ternary path which leads from one point to the second point 
directly above. We may consider this as made up of two ver- 
tical traces, or two oblique traces crossing the space to the left 
of the column containing the two points, or two oblique traces 
crossing the space to the right of this column. We shall adopt 
the last point of view, and convene, that, whenever a ternary 
path has one or more pairs of oblique traces, the two traces of 
a pair not being separated by vertical traces, but crossing suc- 
cessive horizontal spaces, such a path may be repeated and, in 
addition to the terms we have already considered, bring in new 
terms. In these terms some or all of the factors brought in by 
these pairs of oblique traces, instead of being each m^PR mul- 
tiplied by numbers at the top of the table, will each be 7" multi- 
plied by a similar group of numerical factors found at the left 
of the table, namely, the odd numbers placed against the spaces 
crossed and the square of the even number between. This 
must be done in every possible way. 

Odd Indices. 

30. For the A/'s whose first suffix is odd everything is the 
same, but, since in the diagram (p. 39) the numbers at the left 
will be moved upwards one place, we shall have in the second 
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term of our binomial factors introduced by the vertical traces 
the square of an even number instead of the square of an odd 
number. Moreover, the groups of numerical factors brought 
in with the 7^'s will consist of the product of two successive 
even numbers multiplied by the square of the odd number 
between instead of the product of two successive odd numbers 
multiplied by the square of the even number between, which 
will still be the form of the factors brought in with the (m^PRys, 
If, then, without making any reductions, we write down the 
J/'s whose first suffix is even, we can immediately get from 
these the corresponding M's with odd first suffix by increasing 
by unity the second numbers which characterize the binomial 
factors introduced by the vertical traces, and each number of 
the groups of factors brought in with the T^s, 

Calculation of the M^s. 

31. By aid of our diagram we can write an expression for 
any M without having previously calculated the M^s in the 
rows above it. 

For convenience we will indicate the binomial factors (§28) 
by putting in a parenthesis the two numbers which characterize 
them. Thus, 

(3, 7) = iz'^'Q + fS). 

(3, 7) corresponds to the vertical trace lying in the column 
which has 3 written at the top and crossing the horizontal space 
which has 7 written against it at the left. 

When the numbers in such a parenthesis have a common 
factor, that factor may be taken out and its square written as a 
numerical coefficient, thus : 

(3, 3) = 3'(i» i). . 

Even Indices, 

32. These M^s will take the following form, which we can 
write at once from the diagram by following the principles laid 
down above. 
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M,,i= i; 

M,., = {u i)(i, 3) + i.3.2'{m'P/i + T), 
M,, , = 2w'J? [(i, I) + (3, 3)] = 2om*Ji (I, i), 

M,,, = (i, i){i,3)(i,5) + i.3.2'm*PJi[(ii, i) + (3, 3) + (l 5)] 

+ r[i.3.2'Ci, 5)+3.5.4'(r, i)] 
= (i. iXi. 3X1. 5) + i2m*PJilioii, i) + (I, 5)] 

+ I2 7'[20Cl, i) + (i, 5)], 

M,, . = 2m'R Ki. i)(i. 3) + (I. 0(3. 5) + (3. 3X3. 5) 

+ (m'PJi+ r)(i.3.2' + 3.5-4')|. 
= 2m'Ji\ii, i)[(i, 3) + 10(3, 5)] + 2^2im*PR + T')\, 

yl/.,, = 4!m*i?'[(i, 1) + (3. 3) + (S. 5)] = 35-4! »«*^'(i. O. 

etc. = etc. 

Odd Indices. 

33. All we have to do is to take the forms written above 
before reduction and increase by unity certain of the numbers 
as directed above (§30). 

^.1=1; 

M,,x — (J; 2), 
M,, , = 2m* P; 

Ms, 1 = (I, 2X1, 4) + 1.3.2'm'PP + 2.4.3' r. 

.^.,, = 2»»»^[(I, 2) + (3,4)], 

M,, = ^\m'P'; 

^7.1 = (I. 2)(i, 4X1. 6) +i.3.2'm*PPl(i, 2) +(3, 4) + (I. 6)] 

+ r[2.4.3'Ci,6) + 4.6.5'Ci, 2)], 
M,, , = 2m'P\ii, 2X1, 4) + (I. 2)(3, 6) + (3, 4)(3, 6) 

+ m'PPCi.2.2' + 3.5.4'J + 7'(2.4.3' + 4-6-5'Oi 

= 2w'i?|(i, 2XC1, 4) + 9(1. 2) + 9(3. 4)] 

+ 252m*PP + 672T\, 
M,, » = 4! ,»z*^' [(I, 2) + (3, 4) + (5, 6)] , 

M,,, = 6\m'P'; 

etc. = etc. 
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Resulting Series. 

34. In these expressions for the M^s are now to be substi- 
tuted the values of P, Q, Ry S and T, as given in §§22 and 24. 
Then the formulae of §24 will give us the coefficients of our 
developments. 

I. — ^sn (mx) . 

35. Here PR = .^^ and ig = - (i + k^). 

For A^ and A^S= i and 7*= o. Thus we have 

^.1=1, 

M^^='- {tn^J^ + w^ - i), 

M,^ 1 = (m^l^ + w' - i){m^l^ + w* - 3^ + i2w*>P 

= m^k" + 2 {-jm^ - 5) w'y^^ + {m^ - i)(/«« - 3*), 
etc. 

These values multiplied by m give the coefficients in the 
development A^ for sn(mx). Similarly we calculate A^ for 
sn (mx). 

For Ci and Ci 

PR=- T=f^. 

In these two cases i H- ^' is a factor of both terms of our 
binomial expressions ; thus the ^'s and ni^'s separate of them- 
selves and the M^s appear arranged in powers of i + >^ and k^ 
without any reduction. Moreover, they are neater in this form 
than if arranged according to powers of >P alone. 

For example, 

J/,. , = - {m' - i'){m' - 2^){m' - 5^)(i + /P)» 

- I2W* [10 (m' - i^) + (m^ - 5^)](i + k') k^ 
+ 12 [20 {m^ - i^) + {m' - 5^)](i + >P) /P 

= - K - i'){m' - 3')K - 5')(i + ^r 

- 12 (w' ~ i)(iiw* - 2/i,m^ - 45)(i + f^) >^. 

11. — en (mx), 

36. Here 

P^Y-ie, (2 = 2/^-1, R=-k\ 






j-j 



J -' ^ -" 
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For B^ and D% we can get a formula easier to use than the 
formula given in §24. 

The equation of §25 gives us, when we make jr = o (except 
for the part involving 7"), 

+ \p^m^Q + (w - ifS^ 4- /o (^ + i) m^R\. 
But since 

P+ Q-^ R = o, 

this reduces to 

= m'(R-P)IpM,^,,, + {n^iySIM.^^p; 
or, taking account also of Z'and putting R — P= — i, 

^(n- i){n - 3)(« ~ 2fTIM,^,,,. 
For example, take Z?,. Then 

and suppose we have already found 

i^.i= I, 

M,^ 1 = (2we^ +!)/&''- {m^ - i), 

and therefore 

M, = k'- (nt" - i). 

Then the above formula gives for A^, 



M,= ^ mA^^^ t_.^) '^^ - (^' - 



+ 3^1 + y^)JyP - (w^ " I) { - i.3.2^>^ 
= 3^/^+2 (»i^ - i)(2»«^ - 3) >^' + (/«' - i)(»*' - 3'). 

The work would have been greater if we had written down 
the values of M^ 1, i^, ai -^. s and added them. 

III. — dn {mx). 

2i]* We can dispense with the separate calculation of these 
developments and write them directly from the forms we have 
already obtained for en (mx). 



"i ^; . w " - 
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The values of 

P . Q . R 

for en {mx) are i — ^^ 2^!* — i, — ^\ 
for dn (w^) are ^ — i, 2 — ^, — i. 

If instead of these we write 

we shall make P, j^ and R homogeneous and get results that 
will give the formulae 

for en (mx) if we make k^ = ky ^2=1; 
and for dn {mx) " " >^i = i, ^, = k, 

38. For Z?i and D^ we may also make 

6'=i^ + >^5and r=-yPi/&5, 

and our i^'s and N^s will be homogeneous expressions in 
ki and ^2) 

-^«,2p+i and i^„+i.2p+i of degree 272, 

and therefore 

M^rt and -A^„ of degree 2n, 

If, then, we have calculated D^ and Z?, for en {mx) and wish 
to do the same for dn {mx)y it is only necessary, by the intro- 
duction of a new ky to make each term a homogeneous expres- 
sion of degree equal to the degree of the sn which it multiplies, 
and then remove all the old ^'s. But that is the same as 
changing the exponent of each k into the number which would 
be required to raise it to the same degree as the sn which it 
multiplies (supposing we have introduced the factor k^ where- 
ever k is absent). 

For example, the third term of the development which D^ 
gives for en {mx) is 

^ U{m^- i)/P+ {m^-2^)\sn^x, 

therefore the corresponding term in the same development for 
dn {mx) will be 

^^[{m^ - 2') ^ + /^{m" " i)]^ sn* x. 
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39. For B^ and B^ 

T= o and S= i, 

and the M*s will no longer be homogeneous. But if we recall 
their mode of formation, we may remember that both by the 
vertical and by the oblique traces m^ and Py Q ox R are always 
brought in together, while there is no ni^ brought in with S or 71 
Therefore, from the developments B^ and B^ for en {inx)^ those 
for dn {mx) may be obtained at once by changing the exponent 
of each k into the number which would be necessary to raise it 
to the same degree as the m which it multiplies. 

For example, the third term which B^ gives for en {rnx) is 
cos X multiplied by 

-^ I /^m'k^ + irn^ - i^)(w^ - 3") I sin* or, 

therefore the corresponding term in the same development for 
dn (w;r) is cos x multiplied by 

-y \^nl^l^ + (»«'>^ - i')Cw">^ - 3') j sin* X, 
or, arranged according to powers of ^, 

-\ \m*k* + 2 (2W» - 5) m'^ + il3Hsin*;ir. 

This relationship between en (tnx) and dn (mx) is reciprocal, 
and either set of expressions may be obtained from the other 
by the rules given above. 

Table. 

(i) sn (mx) = msinx-- ^ \m^k^ + (m^ — i)| sin"*;*: 
m^ im^k" + 2(7m'^s)^i'^l .5 ^ 

+ 5! \ + (;;^« «!«)(;;,«« 32) J Sm ^ 



+ etc. 



irr "1 "•" (^35^* — 490^' + 259) wV >• sin'' 
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(2) sn {mx) = cos^ m^vax — -;^ \m^^ 4- (m^ — 2^) | sin*;r 
w_ j /?^*y^* H- 2 (7w^ — 10) w^i^^ ) . g 



,4 A* 



m 



^'^' + (.135m' - 56)m*k 



- -^T i + (135W* - 784W' 4- 784) m'k' [ sin' ;r 



7i 
+ etc 



■]■ 



+ (m' - 2'){m' - ^'Xm' - 6^) 



m 



(3) sn (w^) = msnx- --j(m^ - 1^(1 + J^) sn«^ 



. ^ ( (^' - i')(w' -3')(i +^7) , 
■^ 5I I + I2(;;^*- i)/^ j sn -^ 

7! I + i2(w^— i)(iiw*— 24^^— 45)(i 
+ etc. 

(4) sn (mx) = en Jt: dn ^ 



■^k')J^ 



Un' 



X 



m 



msnx--j^{m'~ 2^)(i + ^) sn«;i: 
2 \ 



m^Um'^ 2'Xm' - 4^)(i + J^^ 

7! I 4-i2(w'— 2=^)(iiw*— I2we'— i04)(i+/^)/^2j sn 



^ 



+ etc 



sm^Jir 



:.]. 



(5) cn (mx') = I — sin^ x 

+ -^ J4w'/^ + K - 2') \ sin*^ 

_ ^ ( i6m*^+ 4 (I iw^ — 20) m^J^ ) 

6! I + (w^* - 2^)(;;^» - 4^) j ^i 

+ etc. 

(6) cn (mx) = cos ^ i - ^ (^^ _ i*) sin« x 

+ :4r j^'^*'^ + (»«' - !')(»»' - 3") 1 sin*^ 

_ J_ 1 I6»««yfe* + 4(im» _ 35) »j«;fei J 

6! I .+ (/»'- i')(w' - 3')(w« — 5«) } S'n ^ 
+ etc. . 
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tn" 



sxrx 



(7) en {mx) = 1 sn^x 

a 

+ ^ J4(w» - i)>^ + (w« - 2O j sn*jr 

^, ri6(;w»-i)K-4)>fe* ■\ 

zr •] + 4 (»** — i)(i itn^ — 14) ^* >■ sn*^ 

( + (w* - 20(w^ - 4') 3 

4- etc. 

(8) en (mx) = cn^ dnor j 1+ -i- 1 >^ - (/;««- i«) | sn^;r 

+ 4! I + (;;^« - I«)(;;^» - 3«) j ^n 

fi'.3'.5'>^*-(w*-i)(i6w* -124^^ + 135)^) 

+ ete. . 

(9) dn (wjr) =1 sin'* x 

H p J w^^ 4- 4 (m^ — i) I sin*;r 

"6r I + i6(w* - i)(»^' - 4) ) ^^^ ^ 
4- ete. 

(10) dn (mx) = cos^r i (m^k^ — i) sin* x 

+ -\ im'k" 4- 2 (2w* -- 5) m'k" 4- I^34 sin*:r 

I J /;^«>^ 4- (44^' - 35) »**'^* . cin- ^ 

""efl 4- (i6m*- 140W* 4- 259);;^*>^ - l^3'•5"J 

4- ete. . 

m^J^ 
(i i) dn (;;^^) = 1 — sn' x 

+ ^ ^(m' - 2»)i«r* 4- 4(»^' - j sn*:ir 



61 1 H-4(^*— i)(i i»i" — 14) ^'^ f sn* X 
4- 16 (^* - i)(w* - 4) J 



4- ete. 



DEVELOPMENTS OF SN (wjtr). CN (iwjr), dn (iw^). 



49 



(12) dn(w^) = ciur dn^ i |(w* — \^)k^ — iH sn^^ir 



lysine -Y-)(ne-^i:^^k^ , 

+ 4! ( + 2 (/«^ - i)(2W« - 3) >^' + i'.3'* 



sn*;r 



+ etc 



I + (w? - i)(44w* - 131W' + 135) ^* 
! I + (w' - i)(i6w* - I24»^' + 135)^=^ 

"^ -I^3^5' 



> sn"^. 



